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ABSTRACT

Quantum mechanical calculations, based on the Lennard-Jones

(12,6) potential, are presented showing the dependence of the reduced
* *
phase shift, 4? , on the quantum parameter, ./\ , for a fixed
*
reduced effective potential and various reduced energies, E”. The
» *
observed oscillatory behavior of 42 é/\) is due primarily to the
inclusion of the physically unimportant contribution of qur to the
phase shift, where Pq is the number of quasi-bound (virtual) states
* ~s W

of energy less than E". A modified reduced phase shift, 4? R
defined by excluding this contribution, displays only the sharp
inflections associated with barrier penetration under resonance
conditions. Except for the resonance contribution, the phase shifts
may be accurately reproduced by a second-order JWKB procedure. This
method also accurately predicts the resonant energies (i.e. the
energies of the quasi-bound states). The first-order JWKB treatment
of the barrier penetration problem by Ford, Hill, Wakano, and Wheeler
suffices for the purpose of estimating the level widths and lifetimes
of the virtual states as well as the main features of the resonant
phase shifts, but does not accurately reproduce the quantal calculatioms.
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Introduction -

In the present paper, we present the results of a numerical
study of phase shifts which arise in collisions between molecules
which interact according to a Lennard-Jones (12,6) potential. We
consider, in particular, the behavior of the phase shifts under
conditions such that three classical turning points exist. Although
the quantitative results apply to the present model potential, most
of the qualitative features are characteristic of any realistic
intermoleculér'potential.

The L.-J. (12,6) potential functioaé/may be written

G(r) = € P(t/7T) @

where
¥ -1z -6 .
?[*’*)‘4["* -rr ] 2.

é is the depth of the potential minimum, &  is the separation

. . . *_ T .
at which the potential is zero, and Y = /é' is the reduced
separation. The phase shifts, ‘ﬁ& , are defined by the asymptotic

form of the solution of the radial wave equation

2 , 2 *
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in which ,[ is the angular momentum quantum number, R;[rf) is
*
the radial wave function, E = E/é‘ is the reduced collision energy,

and

/C=%ﬁﬂ%@ﬂ

4)

is the de Boer quantum parameter.

With such a two constant potential function, the phase shifts
are functions of three p'arameters, for example, £ s E¥, and N.
In the present discussion, however, it is convenient to consider a
somewhat different parameterization. For this purpose, we introduce

the reduced impact parameter

F- e t)/h = e YN 2mE” @

where

Y »*

x4

A=Adke =20E" /N ©
and the reduced angular momentum
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The reduced effective potential is

(L) = @y + LT (8

the sum of the true potential and the centrifugal potential,
determined by th . We shall consider the phase shifts as functions
of L¥ s E¥, and N (or occasionally, ,e ).

The effective potential depends parametrically on the angular

*
momentum, L. . For

0< L¥< ¢ 5% - 15092 9

this functioﬁ has both a minimum and a maximum, and thus for a range
of energy, three classical turning points exist. The effective
potentiai for [_"t =(I.L)’/‘= 12649 is illustrated in Fig. 1.

For this value of the reduced angular momentum, three classical

turning points exist for energies in the range

0.216247 < E™ < o.400%04 (10)

All of the numerical values of the phase shifts presented in this
*

paper refer to this wvalue of L_ . For the most part, the

calculations are restricted to nine values of the reduced energy.

Five of these values are in the range leading to three classical




turning points. In addition to these values, omne lower value and

. *
three higher values of the energy are considered. For the given L

* 3 . .
and these values of [E , the phase shift is then considered as a
. *
functionn of the quantum parameter, JA\ . Although in the figures
*
/\v is considered as a continuous variable, the calculations were,
»*

of course, restricted to values of JA\ corresponding to integer ya

(The definition of the phase shift, however, may easily be generalized

to non-integer values of /Z )

Numerical Procedures

The phase shifts were computed by direct numerical integratioae/
of the radial Qave equation, (Eq. 3), using Runga-Kutta-Gill and de
Vogelaere methods. The procedure of Ref. 2 was used except that,
after four "apparent phase shifts' agreed to within 10-4 radian, a
small "truncation'" correction was added. The correction term is
based on the use of a JWKB approximation to the remaining portion

»* 5
of wave function. The added term on the phase shift is 2/\/55 ";,*
where G: is the value of r* at which the numerical integration
is terminated. The resulting phase shifts are believed to be

accurate to +0,0001 radian.
Results

Table Al, of the Appendix, presents the results of these
computations and a number of related quantities (to be discussed).

In the classical limit ( A0 or the reduced mass /«,—»co ) the




quantum parameter /\-4>0 ; the magnitude of /\ may, thus, be

regarded as a measure of the quantum character of the collision. 1In
the classical limit, the phase shift becomes infinite but the
b
product /\Jq becomes of . function of two parameters, which may be
iz * *
taken to be the energy, E , and either L or the impact
"* 3 . . .

parameter, 1‘ " . Hence it is convenient to introduce the reduced

. -\3a
phase ShlfgL-/

* 2

e

Values of this ‘quantity are also tabulated in Table Al.
The dependence of the reduced phase shift, . 47* s on the
* *l -
'quantum parameter, 9/\ , for L =16 and a number of values
of the energy is illustrated in Figs. 2 and 3. In Fig. 2, the
abscissa is ;,e y which according to Eq. 7 is proportional to Qoxﬁ
. ¥L
In Fig.'3, the abscissa is /“\ . In Fig. 2, as one proceeds to
the right (smaller values of -/\:-) the system becomes ''more
classgical'; in Fig. 3 the classical limit is approached at the left.
%*

The exfstence of the minimum and maximum in Cb implies the
existence.of a number of quasi-bound or virtual states of positive
energy. These are in the energy range between the minimum and

*
maximum of . CP , given, in this case, by Eq. 10. The number of

virtual states increases as the system becomes more classical,

¥ ¥*
i.e. as .JAg becomes smaller. Thus at a fixed value of Ei , a



» ¥*
discrete set of values of ./\ exists for which this value of E
is the energy of a virtual state. In the calculations these values
*
of JA» are marked by the passage of a node in the radial wave
func tion from the outer classical region, through the potential
barrier (the classically forbidden region) into the inner 'classical"
* *
region, as the value of JA\ is decreased (at constant E ). The
*
value of /\ at which a node first enters the non-classical region
is indicated by a mark on the curves in Figs. 2 and 3. 1In the
* I}
neighborhood of each of these values of JAV , the phase shift
increases by A’ . This results in a series of maxima in the
reduced phase shift, ’7* . As the system becomes more classical
the maxima occur at smaller intervals in /\  and are more
"saw tooth" in nature. It is seen from Fig. 3 that at energies
below or well above those leading to three turning points, the
reduced phase shift approaches a 'classical limit' smoothly as
* *
NAN=>0 . at energies in the three turning point range, 7
oscillates with increasing frequency but decreasing amplitude as
»
/\. => 0 . Nevertheless, a limit apparently exists.
X Y
For values of L_ and E' leading to one classical turning
point, the limiting value of ﬁﬂ is given by the well known first-
order JWBK approximation. A more general expansion of the phase
shift in powers of Planck's constant applicable to cases in which
any (odd) number of turning points occur has been developeae( The

result of this development is that the reduced phase shift is




*2
expanded in powers of /\ and may be written

,7* _ qz-x(l) A ,'Z*(?—) . (12)

where

"« e { [[1- Ve T - ([i- B84} 0
[2»00

and

(1) -§ -y x 2 /1
¥ 2% g 2
= (e %) | [i1- ¢/ 3 -9 d) dr¥ s
| nd (P-)r'
The three integrations are over those regions of r* for which the
integrands are real, i.e. over the ''classical' regions. Thus at
_ . ) Q) »@)
energies leading to three turning points, ’7* and 41 each
consist of two contributions: one from the iﬁtegration between the
two inner turning points, i.e. the "inner'" contribution, ’7f“),
[
and one due to the integration from the outer turning point to
: . . 1" 1 . N *(I)
infinity, the "outer' contribution, “2 . Values of the two
n
0] t) %z
contributions to ‘7* and '7¥ ) are given in Table 1, for L= (A
: *
and several values of [E = .

1

(
It follows from Eq. 12 that 47* ) is the reduced phase shift
*#(1)

in the classical limit. The numerical values of ’7 given in

Table 1 are illustrated in Fig. 4. At énergies leading to three




turning points the two separate contributions are illustrated in
x0)
J

this figure. The lower curve is the 'outer' contribution, ’7
0

and the upper curve is the sum of the "inner'" and "outer"

. . (O] () * (1)
contributions, W= -+ .
47 7[ 7&
The solid straight lines in Fig. 3, at energies leading to ome

turning point, are given by Eq. 7 with the values of '7*(0 and '7*0)

given in Table 1. The intercept, 42*”, is the usual first order
JWBK result. It is seen in this figure, that the deviation of ’7*

o>
from the horizontal for E = 0.21 and 0.60 is adequately described

@
by the second order JWBK result, i.e. by the inclusion of ’7* ).

The values of 4?*0), at energies leading to three turning points,
are indicated by arrows on the vertical axis of Fig. 3. These
confirm that the limiting value of the reduced phase shift in the
three turning point region is indeed 01*0) , the sum of the
contributions from the two classical regions as discussed above.
- . X . *
The sharp sawtooth behavior of ’7 as a function of JAb
(or A ) in the three turning point region is due primarily to the
physically uninteresting inclusion of a number of multiples of 4
due to the nodes of the radial wave function in the inner region.
Let M be the number of nodes of the radial wave function in the
inner classical and classically forbidden regions, i.e. the number
of quasi-bound or virtual states of energy less than Ef¥. Thus

M= v+1 , where v 1is the vibrational quantum number of the

k4
highest quasi-bound state of energy less than E . It is then




useful to define a modified phase shift
"7 = Z— Mir (15)

in which the contribution of the virtual states is excluded. The

modified reduced phase shift is then defined as

*
= Y- Ma/A = - AT (16)
2 2

o »?
In Fig. 5, ’Vl is plotted as a function of /\ at four values

* ™

of E in the three turning point range. (The small A portions
. .2

of these figures, i.e. /N < 00| , are enlarged in Figs A 1, 2,

W

and 3 of the Appendix.) At lower values of E (i.e. 0.31 and

0.35) most of the oscillatory behavior of ’YI* (cf. Figs. 2 and 3)

is removed by this procedure.

If the second order JWKB contribution to the phase shift were

negligible, one might define a 'residual' phase shift as

~s 3p0)
"W o= g -AT (17)
LI"CS ¢ e

o s *l) .
where ’7* is the "outer" contribution to " . In Fig. A 4
0

of the Appendix, ”7(') is plotted as a function of _{ . The
' res

deviation of the mean curve from zero, i.e. the overall trend,is

associated with second order (and higher) JWKB contributions.



10
C . \3b/. .
In order to isolate the sharp rises™ in the phase shift
associated with barrier penetraticn under resonance conditions, we

define a "resonance' contributior. to the phase shift,

@) - ~ A () ¥2 *(L)]
1., = A AL Ay s

by removing the 'outer' contributions to both the first and second
order JWKB approximations.
. , . @) .
Fig. 6 is a series of plots of 4? as a function of ,f
. res

»
at various values of E . The "resonance" phase shifts are

%
generally well-behaved and with the exception of E = 0.40, small
in magnitude except near the values of ,f corresponding to
»
resonance. The curve at [ = 0.40 shows an overall trend from

zero since near the broad barrier maximum the second order JWKB

approximation is inadequate and the higher order JWKB contributions

)

are significant. (Comparison with the corresponding curve for 4?
res

in Fig. A 4 indicates that the second-order JWKB term is an over-
correction in this case.) Similar considerations apply to the
*

region. of small .f in which the quantum parameter /\ is

sufficiently large that the truncated series is no longer adequate.

Analysis of Results

The effect on the phagse shift of the tunneling and penetration
of the centrifugal barrier has been considered by Ford, Hill,

Wakano, and Wheeleéég( On the basis of a first-order JWKB



approximation, they obtained an expression for the 'resonance
contribution' to the phase shift. Their expression, valid at
energies not too close to the barrier maximum, is (in the present

notation):

m? = A= A= @{-‘[Coi (Ar"-2)- 2,31] (19)

res ] ‘

where

I=A[[®

|]'/;Ar* = (L% E¥)//\*

(20)

is the '"barrier penetration integral'. The integration in this
expression is between the two outer turning points, i.e. over the
classically forbidden region.

" The barrier penetration integral and the constant, C(L‘; E*),
may, of course, be evaluated by direct quadrature.' At energies
not too far below the barrier maximum, the constant may also be
approkimated by use of a parabolic approximation for the effective

: » x
potential, Cb . The curvature of d) at the barrier maximum,

d)*
wax 2 1S

K = [szf(r*)/d r*‘] . (21)

max

and the approximation gives

11



* % 4
c(L* EY) = 1]'7’(—-2 “[¢" —E¥] (22)
. d wmax )
2
Values of C(Lf E*) for |T'= 1.6, obtained by the two methods, are
given in Table 2 for the four 'standard' energies of the present
¥
study. For this example, 47“ = 0.400804 and = 1.5478. It is
. ¥
seen from the table that in this case the maximum error in the
parabolic approximation to the integral is about 179 .

From Eq. 19, it follows that the resonance condition on A is

cot (A= 15) = 27 @

where Am is the value of A leading to the mtl resonance.

(m = 1,2,3,...). If the cef of Eq. 19 is interpreted as the
N : A “ .
principal value, then as A increases through AM , 7v~e rises

£
to ﬂ'/ﬁ. , falls discontinuously to -ﬂ/z and beging to rise
again. The discontinuous jump of 41U is associated with the
definition of '?[ , Eq. 15. If in the second equality of Eq. 19,
-
f;i/ is replaced by "Z , then the value of the ¢of must be

determined from the continuity of the phase shift.

Let us define

4 ¥ 4
(')_ L+ L A ¥(')_ 4 lE* -v{')— ¥ 2 40
M=3*% ,Yl; Y * A 76 - ;—" * —TEFI;].((*{) (24)

12




and write the resonance condition, Eq. 23, in the form

(g | - - /\:‘.
fan [ (M=) = Lo 17 e

From this form it follows that if )Nf is sufficiently small the
condition of resonance is that P10) be an integer. From the
definition, Eq. 24, this implies that the resonances should be
equally spaced in .,K . This is in qualitative accord with the
results shown in Figs. 2 and 6. The arrows on the abscissae of
Figs. 5 and 6 denote the values at which Pf0= 1,2,3,-++ . The
%2
values of jﬂy or A at which a node of the radial wave function
enters the classically forbidden region, as determined by the direct
computations, are iﬁdicated by bars (labelled by M ) above the
axis on Fig; 6. Although the semiclassical results are in fair
agreement with the direct quantum results, the discrepancies are

not negligible. As an attempt to'improve the agreement, a second-

(
order JWKB analogue of qu may be defined as

‘ »¥ 2
MP= L+ 2ZETT0 AT e
VAV S i

It may then be assumed that the resonance condition is that
() . . fcs ] .
M "=1,2,3,°* . It is found that this modification improves
the prediction of the resonance energies.

The detailed shape of the resonance contribution to the phase

13




shift is also influenced by the second order JWKB effects. The
semi~classical expression for '7’0 given by Eq. 19 agrees only

L £
qualitatively with the results ofalhe direct quantum calculations
given in Fig. A 4 of the Appendix. Empirically, it is found that
this equation may be improved considerably by the introduction

of second-order JWKB terms. Thus it is postulated that

0 < FAlL R = e [et[ntrn]-2eT] o

res

It is found by comparison with the numerical results of the
previous section that although this modification improves the
agreement and describes the general features of the resonance
phase shifts quite well, it is not quantitatively satisfactory.
(2) Vs
For example, the quantum calculated curves of 42 vs.
res
(see Table A 1 and Fig. 6) are very nearly symmetric about zero
(with the exception of the results at very low V4 and at
* o 4N . b}
= et Eq. 27 predicts tryv.
E CPmAx), y q P an asymme ;V/
In the preceding discussion, we have considered the resonance
o
structure of the phase shift as /“\ is varied at fixed values
»* »*
of L and E . The lifetime of a virtual state and the
width of the resonance contribution to the scattering cross section,
¥
however, depend on the variation of the phase shift with E" for
3

3 * 3
fixed values of L and /N . 1In order to investigate these

quantities, a number of computations of 41L at closely spaced

14
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values of E?twere carried out. The calculations were made in the
regions of the resonances which occurred at the four "standard"
energies of the present study. The results of these resonance scans
are given‘in Table 3 and some of the results are illustrated in
Fig.\7. o |
in the ﬁéiéhborhﬁod of each resonanée the phase shift as a
function of Ef-ipcreaggs more or 1ess abruptly by about 1r.
The "quantum" valués of'ihevresonance ener gy 1iéted in Tablé 3
are those values of EE*-at which a point of inflection (a point of
maximum slope) occurs,in 411(Ef). The "semi-classical' value of
E:;s is that at which (%“J defined by Eq. 26 takes on the higher
of the two integer values indicated in the ™M column of the table;
With the egcepgipn of_thé one broad resonance at E- = 0.40, the
average error*inlﬁhe predictions of E:;s is 1 part in 3000.
The general problem of predicting resonance energies E::m(VLI)
is of sohe impoftaﬁée. For a practical systém the value of JA:
is, of céh;se,l%iiéd by the éeduced mass and poténtial constants.
At the diécfégé ;alués of ! Lf ;’(given by Eq. 7) corresponding to

each of the rotational quantum numbers 1, the integrals 47*")

< .
o
kal\e

and '7.
3

N * *
The reduced resonance energies Ems(\l,l) are those values of E

—~% -~ « 4N
are computed as functions of [k (by Egqs. 13 and 1i4).

for which the right side of Eq. 26 takes on the integer values
an =yv +1 , where v is the vibrational quantum number.

The maximum slope, (J'Vh /JE)M“ , 1s simply related to the

level width (1 and the lifetime /77  of the virtual state,



/ﬁ) - _r”_:. = AT (28)

AE 4

Ford, Hill, Wakano, and Wheelerwhave developed an approximate

, . . N6 A
expression for these quantltles\/. In the present notation, this is

dv | /N d » 0
(L # - [ 1] fe(anl")

\

A

[ezC//\‘+ 1]  F(* EY) (29)

where

» () 0)
F(Lre®) = see [ 477, 77 ]
dE* 2E*

and F*= r/é is a 'reduced" level width. Values of F(Lt E")
for thé pre.ser‘1t example are given in Table 4. Values of @1,1 /JE*)M
and rﬁ thus calculated are compared with the results of

the direct quantum computations in Table 3; the results are in

fair agreement.

The reduced total scattering cross section is

&* B} &/ﬂ,q..z - Z @;‘ (30)

L

where

16



X _ 4 .2 _ JEL*T -2 (31)
= L (24+1) stnm = - St
622 Az [ ) 71 (’21+')E¥ ,Z(

is the partial cross section due to the ‘[fL phase. 1In the region
of a resonance the corresponding partial cross section varies
rapidly with energy, while the remaining contributions to the cross

. . . »
section vary slowly (on the same scale). Fig. 7 illustrates 471 (E )

*
and the corresponding contribution G@ 057 to the reduced total
cross section for the three resonances (Table 3) of measurable width.
The partial cross section curves are of the typical resonant

Y4 .
shapeV. If the resonances do not seriously overlap, these shapes
should be observable as perturbations on an otherwise smooth

*N
background in low energy (i.e., E"2 0.8 ) molecular beam scattering
measurements. They should be easily distinguishable from the broad,
. s e . . . % o

symmetric (positive and negative) undulations in Q(E) for £ >0.%

. 2
i.e., the extrema-effecé§< From the widths and shapes of the
resonances it should be possible to infer considerable information

about the scattering phase shifts and thus the interaction potential

Pry .
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Table 1\3/

18

B* ,7:(1) 70*(2) 7:(1) /7;‘(2)
0.21 0.037795 3.914 x1073

0.22 0.040865 4.3647x1073 0.00382 .5128x107°
0.23 0.044073 4.8695x10™ > 0.01383 .0177x1073
0.31 0.076146 1.2887x10" 2 0.09024 .331 x1072
0. 35 0.098992 2.6213x10"2 0.13048 .675 %1072
0.39 0.133686 1.3554x107} 0.18040 .362 x107"
0.40 0.149181 1.8281 0.19943 .8288

0.41 0. 386506 -3.2096x10" "

0.45 0.449581 -7.4293x10" 2

0.60 0.482049 -2.9742x10"2

¥/ . Entries refer to the "standard" case of the present study, ¢<,
an L.-J.(12,6) potential with L*2 = 1,6.



Table 2

19

c(1.2649, E¥)

E* Parabolic approx. Quadraturée/
0.31 1.019 0.971
0.35 0.570 0.514
0.39 0.1212 0.104
0.40 0.00903 - 0.008

\%/From unpublished calculations of P. M. Livingston
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0.31

15.3

Table 4

F(1.2649, E*)

0.35

18.4

0.39

31.1

21

0.40

38.9
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APPENDIX

Table Al (1-7) lists the results of the main body of
computations. The column headings have the following meanings

(see text for definitions):

ESTAR EX (reduced energy)
»
TAMBDASTAR /\ (quantum parameter)
L £/ (orbital angular momentum or rotational
quantum number)
ETA '7 (phase shift)
1
ETASTARTILDA 57* (modified reduced phase)
ETASTAR ;yl* (reduced phase)
ETASTARCAIC .7* (calc'd via 2nd-order JWKB)
ETARES *) (resonance phase shift)
res '
M M (node index)
MU p¢9 (2nd-order JWKB node index)

Figures Al-3 are '"enlarged" graphs of the quantum-computed

»® %* .
¥ vs. /. for various values of E . 1In addition to the four

Ay
7
v
*
"standard" E*'s (cf. Fig. 5), results are presented at E = 0.2i,
0.22, 0.41, 0.45 and 0.60. The straight lines shown represent the
second-order JWKB calculations. Occasionally the quantum points are

connected by smooth curves for clarity.

) * *
Particular attention is called to Fig. A3, E = 0.41 C>¢max);
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it is found that the period of the oscillatory pattern may be well
accounted for by the JWKB expression (Eqs. 24 and 25) appropriate
* * . *(1) . :
for E < ¢max with a value of 9? estimated by a short extrapolation
L

of the entries of Table 1 to E* = 0.41.
' ' (1)

Fig. A4 is a graph similar to Fig. 6, but with the ordinate"’zreS .

Most of the asymmetry about the zero line is removed by including

the second-order JWKB terms (cf. Fig. 6).
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LEGENDS FOR FIGURES

The reduced effective potential der’) for sz= 1.6. Shown

are a number of values of E* investigated.

Reduced phase ’Q* as a function of £ for various values of E*,
all at constant d)*("*) with L*?L = 1.6, The vertical bars on
the curves at the four '"standard'" energies denote values of AL

at which a node enters the classically forbidden region (see text).
Note the oscillatory behavior even for energies E¥ > p;ax = 0.4008
(the dashed curves).

Reduced phase as a function of JNfz for various values of E*,

all at constant Q*(r*). The vertical bars are as in Fig. 2.

The solid straight lines through the quantum-computed points at

E* = 0.21 and 0.60 are second-order JWKB calculations. The
oscillatory behavior at E* = 0.41 (dashed curve) is to be noted
@s in Fig. 2). The arrow on the ordinate scale for E¥ = 0.41
denotes the first-order JWKB limit ﬂf(l) ; for EX = 0.31 and

0.40 the arrows designate the sum of the inner and outer contributions:

4r0)= ,7:(1) +-7i(1) (see also Fig. 4). The dotted lines

indicate "mean values' of the oscillatory reduced phases.

% *
First-order JWKB reduced phases oz(l) vs. E  for the standard
' *
0*(r*) with L*2 = 1.6. The dashed lines denote the range of E

in which three turning points exist (Eq. 10). 1In this region

*(1 .
two curves are shown: the lower is o( ) , the upper is the sum
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4?:(1) +'7;(1) (see also Fig. 3). The curve labelled J.-B.
represents the Jeffreys-Born approximation for the reduced phase,

42*= 3n/8E*b*5 5> which becomes (for L*2 = 1.6) simply nf = 0.3638E*3/2
The modified reduced phase 'ﬁ*'vs.Jﬂfz for the standard energies.

The solid curves represent the quantum computations. The arrows

on the ordinate scales indicate the values of 7§(1) « The bars on

the abscissa (and occasionally a shaded region reflecting the range

of uncertainty) denote positions of the node changes (cf. Fig; 2).

The arrows on the abscissa show the lst-order JWKB predictions
(i.e.,JNfz for which M(l) = integer; cf. Eq. 24). The dashed lines

(1)

for E* = 0.39, 0.40 connect points for which M = half-integer.
The resonance phase shift 7§:: vs. £ at the standard energies.

The points are the quantum-computed values, comnected by smooth
curves. The vertical bars denote the node changes (cf. Figs. 2 and

3), with indices M; the arrows show the lst-order JWKB predictions

41 = integer) as in Fig. 5. Note the near-zero values of 7&2:

(

except near the resonances (except for E* = 0.40 and at small { ;

see text).

Resonance detail for three cases. The upper curve shows

”&/« vs. E* ; the lower one Qr vs. E* (see Eq. 31). Depending

upon the "ambient'" value of 4& different shapes of resonances in

the cross sections are obtained; the minimum in qf occurs when
”h‘/n is integer, which occurs (in general) at an E* slightly

*
different than E (the position of the inflection in 17(E*)).
res (,
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*
The dashed line in Q123 represents the "ambient" (non-resonant)

contribution to the cross section. The "widths'" of the resonances

*
are well approximated by [ (Table 3).

Cos il *2 *
Al. Modified reduced phase M vs. A" for E" = 0.21, 0.22 and 0.31.

Solid straight lines are second-order JWKB predictions.*
A2. Same as Fig. Al, for E* = 0.35, 0.39 and 0.40.
A3. Same as Figs. Al and A2, for E = 0.41, 0.45 and 0.61.
A4. Resonance phase shift‘ﬂiig (i.e., first-order JWKB) vs. £ at the

standard energies. Compare with Fig. 6 (i.e., second-order JWKB

approximation).

* The ordinate on the figure for E*= 0.22 labelled 0.04096
should read 0.04086.
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0152201
0153833
+155818
0160267
e186515
0l4l4b5
0145189
0146922
0147959
0148683
e151096
0151678
01593022
¢ 154803
¢ 165077
0182402
e 145907
0147392
« 148553
e l09627
¢ 15VadSs
¢151645
e155989
el74316
0145039
e l48407
0149407
«150051
e 150871
0152873

o4l

ETASTAR

« 040942
e129196
157994
0178845
«188518
0204892
0226588
¢338945
0432233
«431396
«426200
«419156
o426553
42802
¢367438
0344931
e315937
«324538
¢381577
«382805
¢381913
2379962
«368684
«356779
0326331
0368983
«370606
+370506
«368167
«357125
e339759
#335954
0334487
e335612
«357099
«364868
0364689
¢362654
+360050
¢357253
«343684
«341359
¢338503
¢337586
¢343958
¢358772
e361824
«360381
357297
351659

2410
¢3%46192

¢341469
0340247
«355388
¢359849
357266
352637
«347947
«3643706
«340899

TABLE A(S)

ETASTARCALC

51.470623
18+.624827
94575531
3,966463
24202031
14196553
«888207
0629817
2486574
e 775072
0730450
0691228
0656528
¢573163
«511808
+451833
0374721
¢343050
0323261
443299
0436726
e%430435
«407768
«388437
e335881
e323104
¢397848
¢396626
«388425
2371562
«348171
0342082
0338224
0334518
0329222
«381707
«377489
«373421
369495
«365704
«348550
¢345439
«340952
«338072
«333911
«331238
¢370552
«367478
«363023
«355988
2349401
«343221
e337411
334089
«367740
«361585
0355766
350259
«345037
¢340079

LIV]

12,804
T.933
5.8664
4,017
3,189
2.584
2.368
2.178
2081
2.062
2,048
2.038
2.031
2,030
2,050
2,097
24239
2.348
2,443
24467
20492
24517
2.619
2,724
34140
3,283
3.312
3.341
3,400
3.576
3.873
3.963
4,023
4,083
4el74
44236
“0295
40356
bollb
Gob77
44783
4oBb&
4936
44998
50090
5152
54245
54306
54399
545564
5709
5.864
6020
®e113
6175
6331
6487
6643
60799
6.956

ETARES

~38.5721
~23.1195
-16.,64807
~10,4160
=7.5507
-5,2062
-“.1351
‘2.25“3
—.5027
-3,3508
~3.,1186
~2.9248
-245872
-2.1721
-2.0573
~147372
~141904
—.ble
l,64438
-145275
~leb4llé
-103249
-lllo“l
-09577
~e¢3605
1.86466
~1.1101
-+9950
-+8559
~e6533
-e4227
~-e3171
-e1972
.0588
le5402
—e 9472
—.7328
-e6272
-e5596
~-¢5092
—e3175
-e2703
~e1659
-e¢0334
«7058
le9618
-e6350
-e5234
~e4309
-¢3366
-e2576
~«l450
2417
l,8477
-e6924
-+3898
-e2903
—e2202
~el301
00822




LAMBUASTAR

5029086
3el7Y1
leb4d0
e 75069
e5128
4542
04296
«4076
«3877
e3117
026006
02239
01962
01747
1574
el3l4
e1l177
«1053
« 0987
«0930
« 0378
o032
« 0791
«0753
VU719
»0688
00660
00633
+ 0609
« 0587
20566
« 0546
« 0548
+0511
20495
20480
00466
20453
¢ 0440
00428
00417

NN
LA A d " XJ

«0396

L

lv
15
17

19
20
25
30
35
40
45
50
60
67

80
85
90

100
105
110
115
120
125
130
135
140
145
150
155
160
165
170
175
180
185
19C

198K

s

200

ETA

«0308
1666
05249
le2339
3.1971
3.9178
bela27
403246
“4eo4812
501137
56892
6.3282
T¢3340
91613
10el41l1l
lle4726
1247033
1449872
15.8615
1656841
173407
l8e3179
19.6505
2047827
216275
2244079
23,2723
2463672
2545804
26.5816
274318
2842755
2962319
3063506
3144488
3243951
33,2680
344,17)°
3541841
3602729
37,2973
38.2261
39,1289

ESTAR = 4]

ETASTARTILDA

0040625
«131680
0l88566
0232152
2407667
2442255
04462362
438106
w31821
+396155
0368487
«352145
+357731
«397752
«396700
0374606
e371774
0392140
e389240
«383173
e378518
«378914
0386256
«389150
0386645
0383254
0381522
«383558
e387227
¢387535
«385696
«383897
«383697
«385571
0387077
0386678
0385452
«384645
¢385060
«386284
«386768
«386261
«285524

TABLE A(6)

ETASTAR

0040625
e131680
« 188546
0232152
607467
e hb2255
hb2362
e438104
431821
«396155
«368487
e352145
¢357731
0397752
¢396700
2374606
«371774
»392140
389240
+383173
«378518
«378914
¢386256
+389150
«386645
«383254
«381522
«383558
«387227
«387535
+385696
«383897
«383697
«385571
«387077
«386678
«385452
« 384645
«385068
«386284
«386768
«386261
0385524

ETASTARCALC

-8.623978
~2.857268
~0283695
0202619
0302121
320307
327270
e333189
¢338264
¢355328
e366712
«370419
e374146
«376713
«378556
«380967
«382056
«302949
«383377
«383733
«384031
«384283
«384499
«384685
e 384846
«384986
«385110
0385219
«385316
«385402
0385479
«385548
«385611
«385668
«385719
0385766
«385809
«385848
0385884
385917
«385947
«385976

A8zs00D
IO VVL

ETARES

65792
3,7826
le31468
«1570
«8266
10803
1.0778
1.03%6
«9709
5270
+0583
«3284
«3365
6846
«b638
«1948
«3513
¢3513
«2389
«0242
02526
02595
«0894
«2385
«1007
«1013
«2188
«1055
01262
0l463
«0154
«1216
ol458
«0076
¢1104
«0765
«0308
01068
00745
00345
«0791
«0282



LAMBOASTAR

502984
341791
262708
le045Q
140597
7569
06358
e 5887
e5128
046542
04296
«3877
¢3117
«2890
02606
02239
01962
el747
e1574
0lb32
el314
¢1213
0l127
<0987
«0878
0791
+0528

LAMBDASTAR

502984
3.,1791
202708
le44650
le2227
10597
¢9350
«8366
07569
e5128
3877
«3117
2606
1574
21053
« 0987
« 0878
«0791
« 0660
«0587
«0528
00453
«0396

L

L

ETA

«0311
01866
»3383
060066
1,0719
200183
208847
342709
3.8694
403252
405278
ho9122
5.8880
6.3241
70579
8.8134
946616
10.80u6
11,9578
13,1738
1443977
1565904
16,7706
19,1633
2145519
239369
35.8671

ETA

00274
026486
¢5059
le1629
1.5536
1,9569
243462
247079
3.0423
4e5243
5.9914
Teb844
9689
16,8859
2442727
2347495
26.7028
29.6557
35,5600
39,9887
Gho4160
51,8000
59,1806

ESTAR = .45

ETASTARTILOA ETASTAR
0039047 « 039067
0140724 01640724
0182270 «182270
0228464 0228464
0265490 ¢ 269490
0362452 0362652
0035149 0435149
+#56870 e 456870
«470718 «470718
« 466035 oh66035
461493 0461493
0451831 «451831
«435390 «435390
«433629 0433629
0436344 0436344
446884 04468846
o h&s9827 0449827
oib7601 ¢447601
446493 0446493
447582 467582
o4bB8738 2448738
0448819 « 448819
0448554 24468554
048877 2448877
e 449045 e 449045
449113 0449113
69380 + 449380

ESTAR = <60

ETASTARTILOA ETASTAR
¢ 029865 « 029865
0162379 0162379
0236019 0236019
0345262 ¢345262
¢390321 390321
0426083 0426083
« 450737 «450737
v 465479 e 465479
«473154 +473156
476658 +476658
477266 477266
2479290 «#679290
«480202 «480202
+481358 0481358
4811737 o 481737
081774 481774
481829 o 481829
481867 0481867
481914 «h81914
«481928 0481928
0481934 «481934
0481989 «481989
0482003 «482003

XXXXAXXXXXXXXX
TABLE A(7)

ETASTARCALC

~1.636087
~¢301259
« 066499
0294449
« 366156
+407016
04819567
«423832
+430048
0434258
«435870
«h38414
oh&2364
ah43376
«b4a536
« 445857
e 646720
467316
h4T7741
448057
«h&B8299
668687
« 648637
« 648857
0549008
oha9lle
4469374

ETASTARCALC

-e352914
«181462
¢328688
419944
« 437583
o 448651
«456047
04661233
«»65009
«8T8229
« 477579
«479160
«480029
0481312
0481719
0481759
«481820
e 481063
« 481920
« 481947
« 481966
« 4819868
+482002

ETARES

163326
«5060
02149
e192%
«3045
« 2482
e10346
«2369%
e3343
e 2949
25146
«1459
«0943
0lb2l
«1325
«0193
«0667
«0069
«0334
«0140
«0141
«0115
«0031
«0009
+0018
«0002
«0005

ETARES

«3516
00292
+1986
+2515
<1881
«1036
«0276
00247
«0524
«0231
«0039
«0020
+0032
«0014
«0008
«0007
+0005
«0002
«0004
«0018%
+0030
«0001
«0000




